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Abstract 
The present work aims at stability analysis of a uniformly precessing and nutating viscoelastic beam with a tip mass as a simple 
model of a polymeric mechanical arm. The motion of the beam is described as small deformations superposed on rigid body 
rotation about a point. The damping in the viscoelastic material is considered to be of non-viscous type. The material is modeled 
in the time-domain using a Voigt model and Maxwell model in parallel. The resulting parametric equations are derived in a 
rotating frame and analyzed using a variant of Hill’s method. The stability borderlines are generated with precession and nutation 
speeds as parameters for materials with different frequency versus storage modulus and loss coefficient graphs.  It is observed 
that the beam, which only precesses is also unstable for a certain range of non-zero nutation angles.  
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
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1. Introduction 
The present work proposes to develop a simple model for a mechanical arm meant for handling of materials. Its 
path or at least a portion of it is specified as a combination of uniform precession and nutation. In an effort to reduce 
weight and increase damping of the robotic arm, the conventional material is replaced by a polymeric one. The 
reduction of vibration is always a major requirement in engineering applications. Passive damping technology using 
viscoelastic materials is traditionally used to control vibrations of structures. 
Anderson[1], Gur’’go’’ze, Dogrueg and Zerena[2] analyzed viscoelastic beams with tip mass. Mei[3] considered 
mast antennas and robot arms as beams with tip mass. Teng and Cai[4] analyzed frequency characteristics of a hub-
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beam system. They settled the attached mass at different arbitrary positions. Gur’’go’’ze and Zeren[5] considered a 
rotating (precessing) viscoelastic (Kelvin-Voigt model) beam. Stability analysis of a spinning and precessing rotor 
with non-symmetric shaft was done by Ghosh et al[6].  
Bland and Lee[7] attempted to fit a linear four element model to the experimentally obtained properties of 
polyisobutylene. Nakra and Chawla[8] used the four-element model mentioned above for vibration control of plates 
with viscoelastic core. Dutt and Roy[9] used the same viscoelastic model in operator form for a spinning viscoelastic 
shaft disk system. 
In the present work, the viscoelastic material property is modeled in the time domain using a parallel combination 
of a Voigt model and a Maxwell model. The governing equations for such a viscoelastic beam are expressed in the 
simultaneously precessing and nutating frame. The resulting equations are parametric in nature with coupling 
between two transverse directions. The stability borderlines are computed considering precession and nutation 
speeds as parameters. The effect of material damping (quantified as loss coefficient), storage modulus and the effect 
of centrifugal stiffening is studied in details. A precessing beam with constant nutation angle is also considered. 
2. Analysis 
2.1. Coordinate System 
Fig.1 shows the precessing and nutating beam along with the coordinate systems considered. The inertial reference 
is represented by the coordinate system ܆܇܈. The configuration of the beam can be specified by a precession 
followed by a nutation. The beam precesses about the inertial axis ܈ with a uniform speedષܘ. The ܠԢܡԢܢԢcoordinate 
system precesses with the beam. The coordinate axes ܢԢ and ܈are coincident. Had the beam been rigid, the ܠܡܢ 
coordinates would have been the body-fixed coordinate system, which simultaneously precesses and nutates. The 
angles of precession and nutations are expressed using symbols ૖ and ીrespectively. The ܡaxis is aligned with the 
centerline of the beam. The motion of the beam can be conceived as small bending vibrations superposed on rigid 
body rotation about a point.  
The mass of the beam is not considered in the present analysis. The two transverse displacements at the tip are the 
two degrees of freedom of the beam. The displacement at any point along the axis of the beam can be interpolated 
from displacement degrees of freedom ܝ܋ܠand ܝ܋ܢusing an assumed interpolation function. In addition to the actual 
degrees of freedom, another two fictitious displacements ܝ܊ܠand ܝ܊ܢare also considered in order to model the 
viscoelastic material. 
 
 
 
 
 
 
 
Fig 1. Small deformations superposed on a simultaneously precessing and nutating beam 
2.2. Variational Principle 
The tip-mass has kinetic energy due to the rigid body motion of the beam and the associated small elastic vibrations. 
The viscoelastic forces act as restoring force. The Hamilton’s principle for this system can be expressed as  
 
׬ ሺɁ ൅ Ɂ୴ୣ୲ଶ୲ଵ ൅ Ɂୡ୤ሻ ൌ Ͳሺͳሻ    
     
Ɂ is the first variation of the kinetic energy. The symbols Ɂ୴ୣ  and Ɂୡ୤  stand for virtual work done by the 
internal viscoelastic force and the centrifugal force respectively.  
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2.2.1. Variation in Kinetic Energy 
The kinetic energy is the function of the displacements and their first order time derivatives. 
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The two translation degrees of freedom ݑ௫and ݑ௭describe the motion of the system (Fig.2). The position of the point 
mass can be specified by the following vector equation: 
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Where ÇƸǡ ଌƸǡ ෠ are the unit vectors along the axesݔǡ ݕǡ ݖ respectively. 
 The total relative velocity of the rotating frame can be expressed as  
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The velocity vector of the end mass can then be expressed as 
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The kinetic energy of the lumped mass can be represented by the following equation 
 
 ൌ ͳʹ൞
൫୶ሶ ൅Ω୮ୡ୸  θെ Ω୮  θ൯
െ൫Ω୬ୡ୸ െΩ୮ୡ୶  θ൯
൫୸ሶ െΩ୮ୡ୶  θ ൅ Ω୬൯
ൢ
୘
ൈ ൥
ͲͲ
ͲͲ
ͲͲ
൩ ൈ ൞
൫୶ሶ ൅Ω୮ୡ୸  θ െ Ω୮  θ൯
െ൫Ω୬ୡ୸ െΩ୮ୡ୶  θ൯
൫୸ሶ െΩ୮ୡ୶  θ ൅ Ω୬൯
ൢሺ͹ሻ 
െ൬െ෍  ൬
μ
μሶ ୧൰ δ୧ ൅෍
μ
μ୧ δ୧൰
ൌ ሾሿ ൜ሷ ୡ୶ሷ ୡ୸ൠ ൅ ሾୱሿ ൜
ሶ ୡ୶
ሶ ୡ୸ൠ  θ
൅ ሾୡሿ ቄ
ୡ୶
ୡ୸ቅ  θ ൅ ሾୡୡሿ ቄ
ୡ୶
ୡ୸ቅ  ʹθ
൅ ሾ୪ሿ ቄ
ୡ୶
ୡ୸ቅሺͺሻ 
 
Where, 
ሾሿ ൌ ቂͲͲቃ Ǣ  ሾୗሿ ൌ ቈ
Ͳ ሺʹΩ୮ሻ
ሺെʹΩ୮ሻ Ͳ ቉ Ǣ   ሾେሿ ൌ ቈ
Ͳ Ω୬Ω୮
Ω୬Ω୮ Ͳ ቉ Ǣ 
ሾୡୡሿ ൌ ቈ
Ͳ Ͳ
Ͳ ୫Ω౦
మ
ଶ
቉ Ǣ  ሾ୪ሿ ൌ ቎
െΩ୮ଶͲ
Ͳ െ Ω୬ଶ െ ୫Ω౦
మ
ଶ
቏ Ǣ  
2.2.2. Stress-strain relation 
The stress-strain relation for the viscoelastic material is expressed as follows [1],[2]: 
 
ߪ௖ ൌ ܧଵ′ ߝ௖ ൅ ߟଶ′ ߝሶ௖ ൅ ߟଷ′ ሺߝሶ௖ െ ߝሶ௕ሻǢ ߟଷ′ ሺߝሶ௖ െ ߝሶ௕ሻ ൌ ܧଷ′ ߝ௕ሺͻሻ 
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The above material model is shown by a spring-damper model in Fig.3 with strain as displacement and stress as 
force. 
It is assumed that like the actual strain ߝ௖ , the additional variable ߝ௕ can also be obtained from additional 
displacement-like fictitious variables ݓ௕௫  andݓ௕௭  . 
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2.2.3. Virtual work done by the viscoelastic forces 
The displacement at any point along the axis of the beam (Fig.2) is interpolated using the following assumed 
interpolation function. 
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The additional fictitious displacement also follows the same interpolation rule. 
 
ݓ௕௫ ൌ ݑ௕௫ ቆ
ܴݕଶ
ʹ െ
ݕଷ
͸ ቇ Ǣݓ௕௭ ൌ ݑ௕௭ ቆ
ܴݕଶ
ʹ െ
ݕଷ
͸ ቇሺͳʹሻ 
 
The above expression for displacement ensures zero displacement and slope at the left end ݕ ൌ Ͳ and zero bending 
moment at the right oneݕ ൌ ܴ. 
It is known that the virtual work done by the internal viscoelastic forces is negative of the virtual strain energy 
stored due to them. Virtual strain energy due to the viscoelastic force per unit volume 
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The first term in the right hand side of the above expression is considered below: 
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Similarly proceeding with the other terms of equation, one obtains the virtual strain energy due to the viscoelastic 
forces 
ߜ ௩ܹ௘ ൌ െන ߜߝ௖ߪܸ݀ ൌ െ
௏
െ ߜ ቄݑ௖௫ݑ௖௭ቅ
்
൬ሾܭሿ ቄݑ௖௫ݑ௖௭ቅ ൅ ሾܥଵሿ ൜
ݑሶ ௖௫
ݑሶ ௖௭ൠ െ ሾܥଶሿ ൜
ݑሶ ௕௫
ݑሶ ௕௭ൠ൰ሺͳ͸ሻ 
 
Where, ሾܭሿ ൌ ܧଵ′ ቎
ଷூೣೣ
௟య Ͳ
Ͳ ଷூ೥೥௟య
቏ሾܥଵሿ ൌ ሺߟଶ′൅ ߟଷ′ሻ ቎
ଷூೣೣ
௟య Ͳ
Ͳ ଷூ೥೥௟య
቏ሾܥଶሿ ൌ ߟଷ′ ቎
ଷூೣೣ
௟య Ͳ
Ͳ ଷூ೥೥௟య
቏ 
2.2.4. Virtual work done by the centrifugal forces 
 
Virtual work done by the centrifugal forces is again negative of the strain energy stored due to them. Virtual strain 
energy due to centrifugal forces can be computed by multiplying the axial tension ܨ௔with the extension of the length 
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of the beam from its dynamic equilibrium position due to a virtual displacement. The axial tension in the beam is 
constant along the length of the beam 
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The axial tension is computed from the acceleration of the tip mass, 
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The axial tension becomes 
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                               Fig 2. The degrees of freedom at the tip of the beam                 Fig 3. The Voigt and Maxwell model in parallel 
                                          in a body fixed frame                                                                  with an additional degree of freedom 
 
  
2.3. Constraint Relations 
The constraint relations are added using additional equations. 
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Integration over the length yields 
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2.4. Governing equations and stability analysis 
From the variational principle and the constraint relations, the final equations can be presented as follows:- 
 
൤ሾܯሿ ሾͲሿሾͲሿ ሾͲሿ൨ ൞
൜ݑሷ ௖௫ݑሷ ௖௭ൠ
൜ݑሷ ௕௫ݑሷ ௕௭ൠ
ൢ ൅ ൤ ሾܥଵሿ െሾܥଶሿെሾܥଶሿ ሾܥଶሿ ൨ ൞
൜ݑሶ ௖௫ݑሶ ௖௭ൠ
൜ݑሶ ௕௫ݑሶ ௕௭ൠ
ൢ ൅ ൤ሾܥ௦ሿ ሾͲሿሾͲሿ ሾͲሿ൨  ߠ ൞
൜ݑሶ ௖௫ݑሶ ௖௭ൠ
൜ݑሶ ௕௫ݑሶ ௕௭ൠ
ൢ
൅ ൤ሾܭሿ ൅ ሾܭଵሿ ൅ ሾܭ஼ிଵሿ ሾͲሿሾͲሿ ሾܭሿ൨ ቐ
ቄݑ௖௫ݑ௖௭ቅ
ቄݑ௕௫ݑ௕௭ቅ
ቑ ൅ ൤ሾܭ௖ሿ ሾͲሿሾͲሿ ሾͲሿ൨  ߠ ቐ
ቄݑ௖௫ݑ௖௭ቅ
ቄݑ௕௫ݑ௕௭ቅ
ቑ
൅ ൤ሾܭ௖௖ሿ ൅ ሾܭ஼ிଶሿ ሾͲሿሾͲሿ ሾͲሿ൨  ʹߠ ቐ
ቄݑ௖௫ݑ௖௭ቅ
ቄݑ௕௫ݑ௕௭ቅ
ቑ ൌ ሼͲሽሺʹ͵ሻ 
 
The above equation is first expressed in state vector as shown below: 
 
Letሾܯഥሿ ൌ ൤ሾܯሿ ሾͲሿሾͲሿ ሾͲሿ൨  ሾܥҧሿ ൌ ൤
ሾܥଵሿ െሾܥଶሿ
െሾܥଶሿ ሾܥଶሿ ൨ ሾܥ௦
ഥ ሿ ൌ ൤ሾܥ௦ሿ ሾͲሿሾͲሿ ሾͲሿ൨ ሾܭ௖തതതሿ ൌ ൤
ሾܭ௖ሿ ሾͲሿ
ሾͲሿ ሾͲሿ൨ 
ሾܭഥሿ ൌ ൤ሾܭሿ ൅ ሾܭଵሿ ൅ ሾܭ஼ிଵሿ ሾͲሿሾͲሿ ሾܭሿ൨  ሾܭഥ௖௖ሿ ൌ ൤
ሾܭ௖௖ሿ ൅ ሾܭ஼ிଶሿ ሾͲሿ
ሾͲሿ ሾͲሿ൨ 
 
Equation (23) now can be represented in state vector form by the following equation, 
 
ሾܣሿ൛ ሶܺ ൟ ൅ ሾܤሿሼܺሽ ൅ ሾܥሿሼܺሽ ȳ௡ ݐ ൅ ሾܦሿሼܺሽ ȳ௡ ݐ ൅ ሾܧሿሼܺሽ  ʹȳ௡ ݐ ൌ ሼͲሽሺʹͶሻ 
 
Where,For uniform speed of nutation, ߠ ൌ Ω୬ 
 
ሾܣሿ ൌ ൤ሾܯഥሿ ሾͲሿሾͲሿ ሾܫሿ൨    ሾܤሿ ൌ ൤
ሾܥҧሿ ሾܭഥሿ
െሾܫሿ ሾͲሿ൨ ሾܥሿ ൌ ൤
ሾܥҧௌሿ ሾͲሿ
ሾͲሿ ሾͲሿ൨    ሾܦሿ ൌ ൤
ሾͲሿ ሾܭഥ஼ሿ
ሾͲሿ ሾͲሿ ൨   ሾܧሿ ൌ ൤
ሾͲሿ ሾܭഥ௖௖ሿ
ሾͲሿ ሾͲሿ ൨ 
 
൛ ሶܺ ൟ் ൌ උہݑሷ ௖௫ ݑሷ ௖௭ۂہݑሷ ௕௫ ݑሷ ௕௭ۂہݑሶ ௖௫ ݑሶ ௖௭ۂہݑሶ ௕௫ ݑሶ ௕௭ۂඏ்            
      
For stability analysis the following solution of equation (24) is assumed 
 
ሼሽ ൌ λ୲ሼሺሻሽሺʹͷሻ  
 
Where, ሼሺሻሽ ൌ ሺሼ଴ሽ ൅ ሼଵሽ Ω୬ ൅ ሼଶሽ Ω୬ ൅ ሼଵሽ  ʹΩ୬ ൅ ሼଶሽ  ʹΩ୬ሻሺʹ͸ሻ 
 
Positive real part of the value of ߣ indicates instability of the system 
3. Results and Discussions 
The beam is tested for four different materials. The first one is an elastic material with modulus of 
elasticityʹǤͶ͸ ൈ ͳͲଵ଴Ȁଶ . The other materials are of viscoelastic type and can be considered as varieties of 
plasticized PVC. The proposed material model (equation 9) fits reasonably well to the storage modulus and loss 
coefficient of the materials. Three different viscoelastic materials A,B and C are considered here with the objective 
to investigate the effect of material property on the stability of the beam.  The characteristics of the three materials 
are presented in Table 1.  
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The storage modulus and loss coefficient are functions of frequency of harmonic excitation and are graphically 
shown in Fig.4.The frequency range of interest in this work is Ͳ െ ͳͲͲݎܽ݀Ȁݏ as the natural frequency of the beam is 
expected to be well below the upper limit. For the three materials A, B and C, for this frequency range of interest, 
the change in the storage modulus is of the order of ͷΨ where, the change in the loss coefficient is substantial (more 
than 200%).Stability limits for the system are computed considering the elastic material and materials A, B and C. 
First, a beam with a square cross-section is considered. In non-rotating condition the natural frequency of the 
beam is denoted by the symbolω୬. For the dimensions of the beam, this natural frequency of the beam is well 
within the range of frequency shown in Fig.4.The stable and unstable zones are shown in Fig.5. The precession and 
nutation speeds are made non-dimensional by dividing them with the natural frequency of the beam under non-
rotating condition. It is observed that when the precession speed is zero, the beam never becomes unstable. But this 
is not the case when precession speed is non zero and nutation speed is zero. In this case the instability occurs when 
precession speed crosses the natural frequency of the non rotating system.  
For  Ω௣ ൌ Ͳ the governing equation of motion (23) for elastic material reduces to the following equation. For 
elastic material the constraint relation corresponding to equation (9b) is not required. The stress-strain relation is 
simplyߪ௖ ൌ ܧଵᇱߝ௖ 
ቂ ͲͲ ቃ ൜
ݑ௖௫ሷ
ݑ௖௭ሷ ൠ ൅ ൤
ଵଵ Ͳ
Ͳ ଶଶ൨ ቄ
ݑ௖௫
ݑ௖௭ቅ ൅ ൤
Ͳ Ͳ
Ͳ െΩ୬ଶ൨ ቄ
ݑ௖௫
ݑ௖௭ቅ ൅ ൦
Ω୬ଶ
͸
ͷ Ͳ
Ͳ Ω୬ଶ
͸
ͷ
൪ ቄݑ௖௫ݑ௖௭ቅ ൌ ቄ
Ͳ
Ͳቅሺʹ͹ሻ 
Rewriting the two equations in (27) one gets: 
 
݉ݑ௖௫ሷ ൅ ൬݇ଵଵ ൅ π୬ଶ
͸
ͷ൰ ݑ௖௫ ൌ Ͳሺʹͺሻ 
 
݉ݑ௖௭ሷ ൅ ൬݇ଶଶ െ π୬ଶ ൅π୬ଶ
͸
ͷ൰ ݑ௖௭ ൌ Ͳሺʹͻሻ 
 
It is clearly seen from (28) and (29) that,  
 
ቀ݇ଵଵ ൅ π୬ଶ ଺ହቁ ൐ Ͳ and ቀ݇ଶଶ െ π୬ଶ ൅π୬ଶ
଺
ହቁ ൐ Ͳ 
 
Whatever be the value of  π୬  , the roots are purely imaginary and the system is stable. Secondly, it can be 
observed from Fig. 5a, 5b,5c,5d that viscoelastic damping has the potential to increase the stable range of operation 
of the system.  
 
An inclined precessing beam is considered next. The nutation speed Ω୬is zero. The angle of inclination with the 
inertial Z axis (Fig.1) is the nutation angle. The stability margin is computed for different values of precession speed 
and nutation angle. The system is no longer parametric in this case. The largest real part of the eigen values for 
materials B and C are plotted in Fig.6. Though the shape of the plots are different, the stability margins for materials 
A, B and C are found to be identical. The stable and unstable regions are demarcated in Fig.7. This shows that for 
this case material damping has no effect on stability limit. Further, when the constant nutation angle is 90 degrees, 
the precession speed becomes spin speed and the beam becomes a spinning rotor. It is known that a spinning rotor 
with material damping alone becomes unstable after its first natural frequency. This fact is clearly evident if one 
follows the ߠ ൌ ͻͲ଴line. The rotor becomes unstable beyond the point Ω୮Ȁω୬ ൌ ͳ. When nutation angle is zero, the 
beam axis is perpendicular to the axis of precession and the rotor is always stable. 
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Fig 4. Plots of storage modulus and loss coefficient over the frequency range of interest 
Table 1. Materials considered for the analysis 
 
E1 ሺ ୒୫మሻ E3ሺ
୒
୫మሻ Eta2ሺ
୒ୱ
୫మሻ Eta3ሺ
୒ୱ
୫మሻ 
Elastic 2.46e10 0 0 0 
Material A 2.46e10 .845e10 282e4 225e4 
Material B 2.46e10 .845e10 282e5 225e5 
Material C 2.46e10 2.535e10 846e5 675e5 
4. Conclusion 
The present work deals with the stability analysis of viscoelastic precessing and nutating beams. The material 
damping is modelled using a parallel arrangement of Voigt model and Maxwell model in a body fixed rotating 
frame. It is observed that the material damping increases the stable region of operation. However, this is not the case 
with non-nutating and only precessing beams. If these beams precess with a fixed angle of inclination (nutation 
angle), they do become unstable beyond a certain value of the angle of inclination. This stability borderline is 
independent of the material damping. Such a precessing beam turns into a spinning rotor when this angle of 
inclination is 90 degrees. The precession speed now becomes the spin speed. Material damping is a rotating 
damping. Therefore, as expected material damping makes the rotor unstable beyond its first critical speed. 
 
 
(a)                                                                                          (b) 
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               (c)                                                                     (d) 
                                          Fig. 5. Stable operation zones for elastic and three viscoelastic materials A, B and C respectively 
 
                    Fig. 6. Plot of largest real part of the eigenvalues for different       Fig. 7. Stability borderline for different values of precession                    
                   values of precession speed and constant nutation angles                 speed and constant nutation-identical for Materials A,B and C    
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